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The problem of mathematical modeling of flows of three-phase three-component mixtures with phase transi-
tions has been investigated using density-functional theory. The analytical and numerical results demonstrating
the efficient application of this approach to description of two-phase flows were obtained earlier. In the pre-
sent work, methods extending the density-functional technique to the case of three-phase mixtures have been
proposed. Numerical solutions for flows of three-phase mixtures, including those with phase transitions, have
been given.

Density-functional theory enables one to describe a multicomponent multiphase mixture in a continuous man-
ner without introducing density jumps and phase boundaries. This is achieved by inclusion of the density gradients
squared of the components into the expression for the free energy of the mixture [1] (or into the expression for en-
tropy [2]). As a result the dynamics of the multiphase mixture is described in a unified manner, i.e., the system of
equations used has the same form at all points of the flow region. This removes a number of difficulties arising in the
case where one uses a classical approach based on the use of Navier–Stokes equations with different viscosity values
in different spatial domains (corresponding to different phases). The formulation of conditions at phase boundaries is
the most substantial of such difficulties: indeed, the Laplace formula for a pressure jump ceases to hold at points with
an infinite curvature of the phase boundary, and such points necessarily appear in coalescence or fragmentation of liq-
uid droplets and gas cavities (bubbles). This problem does not exist in density-functional theory, since the distribution
of all parameters in the flow region always remains continuous. Interphase regions are separated as regions of large
density gradients of the components of the mixture, and the Laplace formula describes a change in the density in tra-
versal of the interphase region [1].

Density-functional theory was applied earlier to analytical and numerical modeling of two-phase flows [3–7].
In the present work, we consider the application of the method of density functional to mathematical modeling of
three-phase isothermal flows, including those with phase transitions.

We recall the basic propositions of the theory for an isothermal case [1]. The theory for nonisothermal flows
has been set forth in [2, 5]. The dependence of all quantities on temperature will be omitted for simplicity.

Let a M-component mixture (gas or a liquid) fill the domain D with a piecewise smooth boundary ∂D corre-
sponding to the contact with a stationary solid phase. We will use the notation ni for the molar density of the com-
ponent numbered i. It is assumed that the subscripts i, j, and k run through values of 1, ..., and M, which corresponds
to the numbers of the components of the mixture, and the subscripts a, b, and c take values of 1, 2, and 3, corre-
sponding to the Cartesian coordinates xa. Summation is carried out over double subscripts, unless additionally speci-
fied. Also, we use a contracted notation for derivatives: g,i = ∂g ⁄ ∂ni and ∂ag = ∂g ⁄ ∂xa.

The free-energy functional of the mixture is prescribed by the expression

F = ∫ 
D

ωdV + ∫ 
∂D

f∗dA , (1)

where
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ω = f + 
1
2

 νij∂ani∂anj + ρϕ ;   f = f (ni) ;   f∗ = f∗ (ni) ;

νij = νij (nk) ;   ϕ = ϕ (xa) ;   ρ = mini .

As the governing hydrodynamic equations for isothermal flows, we take ordinary density and momentum
equations [8]:

∂tni + ∂a (niva + Qia) = 0 , (2)

ρ (∂tva + vb∂bva) = ∂bpab − ρ∂aϕ . (3)

By definition it is taken that the diffusion flow does not transfer mass:

miQia = 0 .

We impose the following boundary conditions on the dynamic variables under study: the sticking condition
for the mass-mean velocity

va∂D = 0 , (4)

the nonflow condition for diffusion fluxes (where la is the internal normal to the surface ∂D)

laQia∂D = 0 (5)

and the condition

νijla∂anj = f∗,i . (6)

To close the hydrodynamic model with the dynamic equations (2) and (3) and boundary conditions (4)–(6)
we must formulate the governing relations, i.e., the explicit expressions for the stress tensor pab and the diffusion
fluxes Qia. These relations should be selected in accordance with the condition of decrease in the total energy includ-
ing the free energy (1) and the kinetic energy of the mixture

E = F + 
1
2

 ∫ 
D

ρvavadV . (7)

Computation of the time derivative of the functional (7) with account for relations (2)–(6) yields

dE
dt

 = ∫ 
D

ΣdV , (8)

Σ = − τab∂avb + Qia∂aΦi , (9)

τab = pab − σab , (10)

σab = (ω − Φini) δab − νij∂ani∂bnj , (11)
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Φi = f,i + miϕ + 
1
2

 νjk,i∂anj∂ank − νji,k∂anj∂ank − νij∂a∂anj . (12)

Here (10) should be interpreted as the viscous-stress tensor. Expression (11) is the tensor of static stresses in the mix-
ture, since it is velocity-independent and makes no contribution to energy dissipation. In the case of a homogeneous
mixture the tensor σab is reduced to the ordinary stress tensor in an ideal liquid σab = −pδab, where p = ni f,i − f is
the hydrostatic pressure.

For the integral of (8) to be of a nonnegative character, it is sufficient that the integrand (9) be nonnegative.
For this purpose it is sufficient in turn to use the Navier–Stokes linear viscous model for the viscous-stress tensor

τab = 

µv − 

2
3

 µs



 ∂cvcδab + µs (∂avb + ∂bva) (13)

and the generalized Fick law for diffusion fluxes

Qia = − Dij∂aΦj . (14)

Here Dij is the symmetric nonnegative matrix satisfying the supplementary condition

Dijmj = 0 . (15)

In the absence of gravitation, the equilibrium states ni = ni(x
1) and va = 0 with the dependence just on the

coordinate x1 satisfy the system of equations of second order

Φi = λi , (16)

where λi are certain constants. In explicit form, the system of equations (16) appears as

f,i + 
1
2

 νjk,i∂1nj∂1nk − νij,k∂1nj∂1nk − νij∂1∂1nj = λi .
(17)

System (17) can have solutions converging to different constant values for x1 → %∞:

x
1
 → − ∞ ,   ni → niA , (18)

x
1
 → + ∞ ,   ni → niB . (19)

The existence of such solutions requires that the equalities f,i(njA) = f,i(njB) hold, which means the equality of
the chemical potentials in phases A and B. Furthermore, as is easily checked directly, the quantity σ11 =
ω − λini − vij∂1ni∂1nj is the first integral of system (17). Therefore, the values of pressure in phases A and B are also
coincident: p(niA) = p(niB). Thus, the solutions of problem (17)–(19) describe equilibrium two-phase states with a cer-
tain transition zone. Knowing the behavior of the solution in the interphase region, we can compute the coefficient of
interphase surface tension [1]:

γAB = ∫ 
−∞

+∞

νij∂1ni∂1njdx
1
 . (20)

Next, we carry out numerical modeling of three-phase three-component mixtures (M = 3) within the frame-
work of density-functional theory. Gas and two immiscible liquids, e.g., can act as the phases. We prescribe a specific
form of the free-energy function, the values of the coefficients of viscosity, diffusion, and surface tension on the con-
tact of the mixture with the solid phase (vessel walls), and the coefficients νij.
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Free Energy. If the variations of densities from certain fixed equilibrium values are small, the free energy of
one phase (A phase) can be represented by the quadratic polynomial

fA (ni) = f0A + fiA (ni − niA) + φA ,   φA = 2
−1

fijA (ni − niA) (nj − njA) , 

where niA is the unperturbed value of the mole density for phase A. Analogous expressions can be written for phases
B and C:

fB (ni) = f0B + fiB (ni − niB) + φB ,   φB = 2
−1

fijB (ni − niB) (nj − njB) ,

fC (ni) = f0C + fiC (ni − niC) + φC ,   φC = 2
−1

fijC (ni − niC) (nj − njC) .

Let us assume that phases A, B, and C can coexist in equilibrium. This means the equality of the corresponding
chemical potentials and pressures:

fiA = fiB = fiC , (21)

fiAniA − f0A = fiBniB = f0B = fiCniC − f0C . (22)

For states of the mixture not necessarily close to the A, B, and C states, the free energy f is determined as follows:

f = f0A + fiA (ni − niA) + 
φAφBφC

φAφB + φBφC + φAφC
 . (23)

By virtue of relations (21) and (22) we reduce expression (23) near phases A, B, and C respectively to fA,
fB, and fC accurate to the increments in density of fourth order. The coefficients f0A and fiA are not involved in the
hydrodynamic equations and are used just for computation of the initial unperturbed pressures and chemical potentials.
It is only the coefficients fijA, fijB, and fijC that are important for hydrodynamic modeling; they are selected in accord-
ance with the data on the modulus of dilatation for phases A, B, and C:

EA = fijAniAnjA ,   EB = fijBniBnjB ,   EC = fijCniCnjC .

Viscosity. The values of the shear and volume viscosity for unperturbed phases A, B, and C are assumed to
be known. Furthermore, the vectors niA, niB, and niC are taken to be linearly independent. The viscosity values for ar-
bitrary values of the density of the components are computed from the empirical interpolation formulas

µs = yAµsA
1 ⁄ 3 + yBµsB

1 ⁄ 3 + yCµsC
1 ⁄ 3



3

 , (24)

µv = yAµvA
1 ⁄ 3 + yBµvB

1 ⁄ 3 + yCµvC
1 ⁄ 3



3

 , (25)

yA = ∆A
 ⁄ ∆ ,   yB = ∆B

 ⁄ ∆ ,   yC = ∆C
 ⁄ ∆ , 

∆A = 










n1
n1B
n1C

     

n2
n2B
n2C

     

n3
n3B
n3C










 ,     ∆B = 








n1
n1A
n1C

     

n2
n2A
n2C

     

n3
n3A
n3C










 ,
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∆C = 










n1
n1A
n1B

     

n2
n2A
n2B

     

n3
n3A
n3B










 ,     ∆ = 











n1A
n1B
n1C

     

n2A
n2B
n2C

     

n3A
n3B
n3C










 .

Diffusion. To calculate the matrix Dij we use the property that, on condition that νij = 0, formula (14) yields
the following expression for the concentration flux of the components:

qia = n
−1

Qia = − n
−1

Dij 




∂κj

∂ck



n

 ∂ack − n
−1

Dij 




∂κj

∂n



c

 ∂an ,

where n = ∑ 

i=1

3

ni is the total density, ci = ni
 ⁄ n, and κi = f,i. Thus, the matrix of diffusion coefficients dij which de-

termines the diffusion flux in relation to the concentration gradients is related to the matrix Dij by the equation

dij = n
−1

Dik 




∂κk

∂cj



n

 . (26)

The matrices of coefficients dijA, dijB, and dijC for many actual phases are usually the well-known tabulated data. The
diffusion matrix dij is computed from the known values in phases using the interpolation formula

dij = yAdijA + yBdijB + yCdijC . (27)

If the free energy has been prescribed (see (23)), Eq. (26) enables us to uniquely determine the matrix Dij from the
matrix dij.

Surface Tension on the Mixture–Solid Body Contact is taken in the form of the linear function of the den-
sities of the components

f∗ = ξ1ini + ξ0 . (28)

The parameters ξ0 and ξ1j are computed from the known values of the surface tension θA, θB, and θC on the contact
with a solid body for phases A, B, and C based on the equation

θA = ξ1iniA + ξ0 ,   θB = ξ1iniB + ξ0 ,   θC = ξ1iniC + ξ0 . (29)

The system of linear equations (29) for ξ0 and ξ1j always has a solution (since the vectors niA, niB, and niC
are assumed to be linearly independent) but it is not unique. The arbitrariness of selection of dependences (29) influ-
ences the distribution of the components near a solid wall but has no effect on the wetting angles. Furthermore, the
parameter ξ0 influences neither the dynamic equations nor the boundary conditions. Therefore, it is sufficient to assign
an arbitrary value to the parameter ξ0 and to compute the parameters ξ1j from Eqs. (29).

The Matrix of Coefficients νij is assumed to be constant and proportional to the diagonal matrix νij = ζiδij
(here no summation over i is carried out). Unknown coefficients ζi are determined from expression (20) for the surface
tension between phases A and B for the static solution and by analogous expressions for γBC and γCA. From the equa-
tions for γAB, γBC, and γCA, we can numerically determine three coefficients ζi. It is noteworthy that this problem is
nonlinear, since the equilibrium distribution of the components is also dependent on ζi (see (17)).

The system of equations (2)–(6), (11), (13), (14), and (23)–(25) with the corresponding determinations of the
diffusion, surface tension on the walls, and matrix νij has been solved numerically using an explicit conservative dif-
ference scheme of 2nd order of accuracy with a staggered arrangement of the nodes [9].

We calculated, in a two-dimensional formulation, the following model problems for the three-component mixture:
(1) incidence of a droplet, under gravity, on the boundary of the other two phases;
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(2) binodal disintegration of the mixture in the capillary into two phases in the presence of the third phase.
Modeling was carried out using the program developed by the authors of the paper; the time of calculation

on a personal computer with an Athlon 4400+ x2 processor was D30 min for the first problem and D1 h for the sec-
ond problem.

Visualization of the processes modeled was carried out from the calculation results. The regions of the mix-
ture with the first component predominant are shown in white, those with the second component predominant are
shown in black, and the regions with the third component predominant are shown in gray.

Problem 1. The model represents a square plane (2D) vessel installed in the gravity field so that the lines of
force are directed along one dimension, from top to bottom. Initially, the vessel is filled with two equal volumes of
different liquids (phases) in an equilibrium manner, i.e., a heavy liquid (phase B, white color) occupies the lower half
of the vessel, whereas a gas (phase C, black color) occupies the upper half. The initial velocity fields are zero. We
considered the motion of the droplets of the third phase (light liquid, phase A, gray color) in the gravity field with
their subsequent incidence on the interface of phases B and C. Phase A in equilibrium was assumed to represent a vir-
tually pure 1st component, phase B was assumed to represent the 2nd component, and phase C, the 3rd component.
Thus, the mutual solubility of the components was low and occurred just as a result of the deviation from equilibrium
in flow.

Phase A entered the vessel continuously with a constant flow rate of 0.35 cm2 ⁄ sec via two cells located at
the center of the model’s upper side. On the lower side, the mixture was extracted in an amount necessary for ensur-
ing a constant average pressure throughout the vessel.

We took the following parameters of the mixture: m1 = 250 kg ⁄ mole, m2 = 18 kg ⁄ mole, and m3 = 16
kg ⁄ mole; ρA = 800 kg ⁄ m3, ρB = 1000 kg ⁄ m3, and ρC = 1.5 kg ⁄ m3; EA = 1.2⋅109 Pa, EB = 2.2⋅109 Pa, and EC =
1.1⋅105 Pa; µsA = 2⋅10−3 Pa⋅sec, µsB = 1.5⋅10−3 Pa⋅sec, and µsC = ⋅10−4 Pa⋅sec; µvA = 2⋅10−2 Pa⋅sec, µvB = 1.5⋅10−2

Fig. 1. Layout of the angles at the point of contact of phases A, B, and C.

Fig. 2. Problem 1. Incidence of the first droplet: a) t = 0.465, b) 0.512, c) 0.542,
and d) 0.561 sec.
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Pa⋅sec, and µvC = ⋅10−3 Pa⋅sec. The equilibrium angles at the point of contact of three phases (Fig. 1) were αA =
75o, αB = 121o, and αC = 164o. The coefficients of interphase surface tension were γAB = 0.15 N ⁄ m, γCA = 0.47
N ⁄ m, and γBC = 0.53 N ⁄ m. We recall that the equilibrium angles at the point of contact of three phases are related
to the surface-tension coefficients by the relation

sin αA

γBC
 = 

sin αB

γCA
 = 

sin αC

γAB
 ,

whose fulfillment was checked using the results of the numerical modeling. The vessel walls had neutral wettability in
relation to all the three phases: θA = θB = θC = 0.

The matrices (26) for the three phases were restored from the values taken for the diffusion of components 2
and 3 in phase A, components 3 and 1 in phase B, and components 1 and 2 in phase C: d22A = 10−9 m2 ⁄ sec, d33A
= 6.1⋅10−9 m2 ⁄ sec, d11B = 1.5⋅10−9 m2 ⁄ sec, d33B = 3.5⋅10−9 m2 ⁄ sec, d11C = 2⋅10−5 m2 ⁄ sec, and d22C = 10−5 m2 ⁄ sec.

The geometric dimensions of the model in question were 2 × 2 cm; the computational domain was approxi-
mated using 100 × 100 square cells.

The beginning of the process corresponded to the instant of time t = 0 sec. Figure 2 shows the development
of the process to form the first droplet (Fig. 2a), its approach to the phase interface (Fig. 2b), the contact of the drop-
let with the surface of the heavy liquid to form a gas cavity (Fig. 2c), and the rupture of the droplet into halves (Fig.
2d). Figure 3 shows the continuation of the process to form the second droplet (Fig. 3a), its approach to the phase
interface (Fig. 3b), the coalescence with the halves of the previous droplet (Fig. 3c), and the separation of the formed
large fragments of phase A with their subsequent attachment to the vertical vessel walls (Fig. 3d).

Problem 2. Here the model represents a rectangular vessel filled with a mixture of three phases as follows.
The lower part of the vessel is two-fifths full of phase B. The remaining volume is filled with a mixture of the 1st
and 3rd components in 80%:20% ratio respectively. The mixture with such a composition is locally thermodynamically
stable but unstable to finite perturbations. It is assumed that phases A and B do not wet capillary walls (θA = θB =
0.05 N ⁄ m), whereas phase C wets them (θC = −0.1 N ⁄ m). It is expedient to note once again that, in the formulation
in question, the solution is dependent on the differences θA − θC and θB − θC rather than on the absolute values of
θA, θB, and θC. Gravitation is disregarded. The remaining parameters of the phases are taken such as those in problem 1.
The geometric dimensions of the model are 3.2 × 1.6 cm; the computational domain is approximated by 64 × 32
square cells.

The initial state of the system corresponds to the instant of time t = 0 (Fig. 4a). The binodical disintegration
of the mixture of components 1 and 3 begins in the two upper corners of the vessel and at the boundary of the mix-
ture and phase B. Next, the released phase C, being wetting, displaces phase B and moves to the lower corners of the

Fig. 3. Problem 1. Incidence of the second droplet: a) t = 0.924, b) 0.968,
c) 1.012, and d) 1.1 sec.
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vessel. Finally, equilibrium sets in when phase C is accumulated near the lower corners of the model and the bound-
ary of phases A and B. A successive change of states is shown in Fig. 4b–e.

Thus, it has been demonstrated with specific examples that one can efficiently describe different hydrodynamic
processes on three-phase mixtures, including those with phase transitions, using the method of density functional. The
same computational program is used; only the boundary and initial conditions are changed. Noteworthy is the fact that
a fairly good description of the rupture and coalescence of droplets and the occurrence and evolution of a new phase,
i.e., phenomena that are difficult to model within the framework of other approaches, has been obtained on compara-
tively small grids.

NOTATION

ci, mole concentration of the component i; D, spatial domain; dA, surface element, m2; ∂D, boundary of
the spatial domain; dV, volume element, m3; Dij, symmetric nonnegative matrix, sec⋅mole2 ⁄ (m3⋅kg); dij, matrix of
diffusion coefficients in the mixture, m2 ⁄ sec; dijA, dijB, and dijC, matrix of diffusion coefficients in phases A, B,
and C, m2 ⁄ sec; E, total energy of the mixture, J; EA, EB, and EC, dilatation modulus of phases A, B, and C, Pa;
F, total free energy of the mixture, J; f, free energy of a homogeneous mixture per unit volume, Pa; f∗, free energy
of a homogeneous mixture per unit surface, Pa⋅m; fA, fB, and fC, free energy of phases A, B, and C, Pa; f0A,
f0B, and f0C, coefficients of the zero degree of the quadratic polynomial of free energy of phases A, B, and C, Pa;
fiA, fiB, and fiC, coefficients of the first of the first degree of the quadratic polynomial of free energy of phases A,
B, and C, kg⋅m2 ⁄ (sec⋅mole); fijA, fijB, and fijC, coefficients of the second degree of the quadratic polynomial of free
energy of phases A, B, and C, kg⋅m5 ⁄ (sec⋅mole); g, arbitrary auxiliary function; la, internal normal to the surface;
M, number of components in the mixture; mi, mole weight of the ith component, kg ⁄ mole; n, total mole density of
the mixture, mole ⁄ m3; ni, mole density of the ith component, mole ⁄ m3; niA, biB, and niC, unperturbed value of the
mole density of the ith component in phases A, B, and C, mole ⁄ m3; p, pressure, Pa; pab, stress tensor in the mix-
ture, Pa; Qia, vector of the diffusion flux of the ith component, mole ⁄ (sec⋅m2); qia, concentration flux of the ith
component, m ⁄ sec; va, mass-mean velocity, m ⁄ sec; t, time, sec; xa, Cartesian coordinate, m; yA, yB, and yC, auxil-

Fig. 4. Problem 2. Binodal disintegration of the mixture into two phases (A
and C) in the presence of the third phase B (phase A, white color, B, black,
and C, gray): a) t = 0, b) 7.2, c) 80.5, d) 706.9, and c) 2120.7 min.
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iary dimensionless quantities; αA, αB, and αC, angles at the point of contact of three phases; γAB, γBC, and γCA,
coefficients of interphase surface tension between phases A and B, B and C, and C and A, kg⋅m2 ⁄ sec; δab, unit
matrix; ∆, ∆A, ∆B, and ∆C, auxiliary functions, mole3 ⁄ m9; ζi, auxiliary quantities, kg⋅m7 ⁄ (sec⋅mole2); θA, θB, and
θC, surface tension for phases A, B, and C on the contact with a solid body, N ⁄ m; κi, chemical potential of the
ith component, kg⋅m2 ⁄ (sec⋅mole); µs, shear-viscosity coefficient, Pa⋅sec; µsA, µsB, and µsC, shear-viscosity coefficient
of phases A, B, and C, Pa⋅sec; µv, volume-viscosity coefficient, Pa⋅sec; µvA, µvB, and µvC, volume-viscosity coef-
ficients of phases A, B, and C, Pa⋅sec; νij, coefficients of a symmetric positive-definite matrix, kg⋅m7 ⁄ (sec⋅mole2);
ξ0, auxiliary quantity, Pa⋅m; ξ1i, auxiliary quantity, Pa⋅m4 ⁄ mole; ρ, mass density of the mixture, kg ⁄ m3; Σ, auxiliary
function, Pa ⁄ sec; σab, tensor of static stresses in the mixture, Pa; τab, tensor of viscous stresses in the mixture, Pa;
ϕ, gravitational potential, m2 ⁄ sec2; Φi, generalized chemical potential of the ith component in the volume, kg⋅m2 ⁄ 
(sec⋅mole); ϕA, ϕB, and ϕC, quadratic part of free energy for phases A. B, and C, Pa; ω, energy of a homogeneous
mixture per unit volume, Pa. Subscripts and superscripts: a, b, and c, to the Cartesian coordinates; i, j, and k, to the
components of the mixture; s, shear; v, volume.
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